DS-GA 1002 - Homework 11

Eric Niblock
November 22nd, 2020

1. We perform a least squares fit on a dataset (z1,%1), ..., (Tn,y,) € IR? with at
least 3 distinct z;-values. Suppose (x,,y,) lies on the fitted line. If we omit
(zn,yn) from the dataset and perform least squares again, does the fitted
line change? Either prove it doesn’t change, or give an example where it
does.

Given the inclusion of (z,,y,), assume we have found some fitted line such that,

9y = By + Biz (1)
With the further condition that,
Yn = Bo + Bz, (2)
With the least squares estimators By, By being generated via,

By, B; = argmin Z(K — by — byx;)? (3)
bo,b1€IR i—1

However, since y,, — Bg — Bix, = 0, we see that,

n n—1
By, By = argmin y (Y; — by — biz;)* = argmin » _(Y; — by — bix;)° (4)
bo,b1 €IR i=1 bo,b1 €IR i=1



And thus the removal of (2, y,) does not change our estimators By, By, and the fitted
line remains the same.



2. Let (1,Y7),...,(50,Y50) be draws from a simple linear model where Y; ~
N(Bo + Bri,3%)for i =1, ..., 50.

(a) Find r € IR such that P(By € (5o —r, B0 +7)) = 0.95, where By is our least
squares estimate of (.

We have that,

n

SE(fy) = 1/ <1+ ﬁ) (5)

And using Z,, = 25.5, and 02 = 32, we have,

9 25.5
SE(Bo) = \/50 <1 + m) = 0.44900 (6)

Then the 95% confidence interval is given by,

[Bo — 1.96SE(Bo), Bo + 1.96SE(5o)] (7)
[Bo — 0.88005, By + 0.88005] (8)

So, this implies that » = 0.88005.

(b) Find r € IR such that P(B; € (61 —r,f1+7r)) = 0.95, where B; is our least
squares estimate of 3.

We have that,

*/n o?
(ﬁl) \/ 6’% \/Z:’LL_1 ($1 _En)z ( )
From simple calculation, we know that T, = 25.5, and we are given that o2 = 32,

S0,



(c)

9 [ 9
SE(p1) = \/Z?_l(m “o552 ~ \ 104125 — 0.029400 (10)

Then the 95% confidence interval is given by,

[81 = 1.96SE(1), B1 + 1.96SE(1)] (11)
(81 — 0.05762, B; + 0.05762] (12)

So, this implies that » = 0.05762.

Find r € IR such that P(By+ 3By € (B0 + 3681 —r, 00 + 361 + 1)) = 0.95,
where B, B; are our least squares estimates.

We have that,

SE(fo + 2by; ) = J %2 (1 N (:c ;xn>2> (13)

From simple calculation, we know that Z,, = 25.5, and we are given that o2 = 32
and x = 3, so,

SE(fo +36133) =\/9 <1+(3—25-5)2

E —0. 14
50 208.25 ) 0.78586 (14)

Then the 95% confidence interval is given by,

[Bo + 361 — 1.96SE(Bo + 351), Bo + 381 + 1L.96SE(By + 351)] (15)
[Bo + 381 — 1.5403, By + 331 + 1.5403] (16)

So, this implies that r = 1.5403.



(d) Give a test statistic and rejection region for a test that 3, # 0 with size
0.01 (0 = 3 is known).

The test statistic for a test that 8y # 0 is given by,

0—p1 —B1

Sm 0.0294
52

T =

N(0,1) (17)

Where the denominator is simply the standard error calculated in (b). From the
standard normal, we know that 2Pr(T > t) = 0.01 implies that ¢ = 2.576. Then
the rejection region becomes,

R = [—00, —2.576] U [2.576, <] (18)

(e) Plot the power function for your test as a function of ;. Make sure
your plot is large enough to include most interesting values (i.e., it
doesn’t need to include a ton of values where the power is nearly 1).

The following code was used to produce the resulting power function of 1,

from scipy import stats
import matplotlib.pyplot as plt
import numpy as np

height = []

for

betal in np.arange(-€.2,8.2,8.801):

serr = ©8.8294

T = 2.576%serr

above 1 - stats.norm.cdf(T,-1*betal,serr)
below stats.norm.cdf(-1*T,-1*betal, serr)
height.append(above+below)

import matplotlib.pyplot as plt

plt.
plt.
plt.
plt.
plt.
plt.

figure(figsize=(12,18))
plot(np.arange(-©.2,8.2,8.801),height)
grid(alpha=6.2)

title('Power Function as a Function of Beta 1)
xlabel( 'Beta 1 Value')

ylabel( 'Probability of Rejection of Mull Hypothesis')
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3. Data was collected on the proportion of male births in four industrialized

countries (i.e., the fraction of male births to total births). The data is
contained in maleprop.cswv.

(a) Fit four simple linear models (one for each country) where the propor-
tion of male births is the response and the year is the input. Report
your estimated coefficients for each model.

The following code was used to calculate the estimated coefficients 5y, 51 for each
of the four countries,

import numpy as np
import pandas as pd
import matplotlib.pyplot as plt

males = pd.read_csv(r'maleprop.csv’)

data = {'USA": [np.array(males['Year'][28:-4]), np.array(males['USA ][28:-4])],
"Canada’: [np.array(males['Year'][28:-4]), np.array(males['Canada’'][28:-4]}],
‘Denmark’: [np.array(males['Year']), np.array(males['Denmark'])],
"Netherlands': [np.array(males['Year']), np.array(males['Netherlands'])]}

def b_1(xs,ys):

xbar = np.mean(xs)
ybar = np.mean(ys)

tottop = @
totbot = @

for i1 in range(len(xs)):
top = xs[1]*(ys[i] - ybar)
bot = xs[i]*(xs[i] - xbar)
tottop += top
totbot += bot

return(tottop/totbot)

def b_8(xs,ys,bl):

xbar = np.mean(xs)

ybar = np.mean(ys)

return(ybar - bl*xbar)

bis = {}
bes = {}

for name in names:
bl = b_1(data[name][e],data[name][1])

b@

= b_e(data[name][@],data[name][1],b1)
bls[name] = bl

b8s[name] = be

print(name,
print(’

', 'b8: ', round(be,4), ' bl: ', round(bl,g))

USA @ be: @.6201 bl: -5.42%e-85

Denmark : be:

a

L5987 bl: -4.289e-85

Canada : be:

8.7338 bl: -8.80811117

Netherlands :

ba:

8.6724 bl: -8.884e-@5

(b) Plot four scatter plots (one for each country). Overlay your fitted line
on each scatter plot.



namas = ['USA', 'Denmark', 'Canada’, 'Netherlands']

color = ['b",'r","'g","'k"]

i=@

fig, ax = plt.subplots(nrows=2, ncols=2, figsize =(18,18))

fig.suptitle('Proportion of Male Births as a Function of Year and Country’,fontsize=14)
fig.text(e.5, ©.84, 'Year', ha="center',fontsize=12)
fig.text(e.e4, 8.5, 'Proportion of Male Births', wva='center', rotation="vertical',fontsize=12)
for row in ax:
for col in row:
col.scatter(males[ 'Year'],males[names[i]],c=color[i])
col.set_title(names[i])
col.set_x1im(1958,1994)
col.set_ylim(B8.51,8.518)
col.plot(males[ 'Year'], b@s[names[i]]+np.array(males[ 'Year'])*bls[names[i]])
i+=1
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The above subplots display the scatter plots of the proportion of male births as
a function of year and country, each being associated with its own linear fit.

(c) For each model, estimate the standard error of the slope coefficient,
and give a 95% confidence interval.

Below is the code that was used to estimate the standard error, and provide the
95% confidence intervals,

def s_2(xs,ys,b8,bl):
c = 1/(len(xs)-2)
add = @
for i1 in range(len(xs)):
a = (ys[i] - be - bil*xs[i])**2
add += a
return(c*add)

def stdx2hat(xs,ys):
xbar = np.mean(xs)
add = @
for x in xs:
add+= (x-xbar)**2
return(add/len(xs))

for name in names:
s2 = 5_2(data[name][e],data[name][1],bBs[name],bls[name])
%2 = stdx2hat(data[name][@],data[name][1])
stderr = ((s2/len(data[name][@]))/x2)**@.5
print{name,’, Standard Error: ', stderr)
print(name, ', 95% Confidence Interval: ', [bils[name]-(1.96*stderr), bls[name]+(1.26*stderr}])
print(’ ")

USA , Standard Error: 9.393272642713875e-86
UsA , 95% Confidence Interval: [-7.269652866857€632-85, -3.5874890009134775e-85]

Denmark , Standard Error: 2.86216883242363852-85
Denmark , 95% Confidence Interval: [-8.3448912129826112-85, -2.3208388587097%2-86]

Canada , Standard Error: 2.76769838347309@%e-85
Canada , 95% Confidence Interval: [-8.800165415718@14582166, -5.692194432274444e-85]

Netherlands , Standard Error: 1.4157695517343635e-25
MNetherlands , 25% Confidence Interval: [-€.08€018859228796979835, -5.380413154179170842-85]

(d) For each model, test if the slope coefficient is non-zero, and report the
associated p-values.

Below is the code used to test whether the the slope coefficient, (1, is non-zero.
The associated p-value is provided,



from scipy.stats import t

for name in names:

s2 = 5_2(data[name][e],data[name][1],bBs[name],bls[name])
%2 = stdx2hat(data[name][@],data[name][1])
stderr = ((s2/len(data[name][@]))/x2)**@.5

T
P

(8-bls[name])/stderr
2%(1 - t.cdf(abs(T), len(data[name][8])-2))

print(name, ', Test Statistic: ', round(T,5), ', p-value: ', round(p,8))

print(’

USA , Test Statistic:

5.77921 , p-value: 1.43%2-85

Denmark , Test Statistic: 2.8726 , p-value: ©.84423828

Canada , Test Statistic: 4.01665 , p-value: 8.808873759

MNetherlands , Test Statistic: 5.7182 , p-value: ©9.6e-@7

(e)

(f)

(g)

Using a threshold of a = 0.05, we find that there is significant evidence in every
case to reject the null hypothesis of the slope coefficient being equal to zero.

Why does the US have the largest t-statistic but only the third largest
slope (in absolute value)?

The US has the smallest standard error, which therefore inflates the test statistic.
The US standard error is small because the residuals are comparatively smaller
than the other nations. In other words, the data falls closer to the fitted line, and
hence the error between the expected and predicted proportions of male births
is lower. Due to this, the standard error is small, and the test statistic is large,
because we have more confidence in the fitted line.

Why is the standard error for the estimated slope smaller for the US
than Canada?

Again, the data for the US has smaller associated residuals when compared to
Canada. In other words, the difference between the projected and actual values
for male birth rates is smaller concerning the US data than it is for Canada. This
inflates Canada’s standard error when compared to the US.

Why does each country appear to have different values for o2, the noise
term variance? [Hint: Each datapoint is a proportion, i.e., an average.]

Again, 0?2 is a function of the residuals. Since every country has a different fit,

and a different spread of data, it is not odd for the sums of the residuals to be
different in each case, therefore leading to a different o2.
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4. In the (tab-delimited) file cars.txt you can find data on a variety of car
models.

(a) Assume the data satisfies a simple linear model with MPG as the
response and Horsepower as the input. Determine least squares esti-
mates for the coefficients and 2.

cars = pd.read_csv('cars.txt', sep="\t")

ys = cars['MPG']
xs = cars[ 'Horsepower']

bl = b_1(xs,ys)
bé = b_8(xs,ys,bl)
s2 = 5_2(xs,ys,b8,bl)

print('value of b8: ', b@)
print('value of bl: ', b1)
print('value of s"2: ', s2)

Value of b8: 46.706648456877335
Value of bl: -8.2157145895378654
Value of s*2: 10.612159571477124

(b) Give a scatter plot of the data. For a contiguous range of Horsepower
values containing the data, overlay a plot of your fitted line, and the
boundaries of a 95% prediction interval.

%2 = stdx2hat(xs,ys)

xbar = np.mean(xs)

lowar = []

upper = []

for x in sorted(xs):
rad = s2*(1+(1/len(xs))+((x-xbar)**2)/x2)
lower.append(bB+b1*x-(stats.t.ppf(8.975,df=1len(xs)-2)*rad**a.
upper.append(bB+b1*x+(stats.t.ppf(8.975,df=1len(xs)-2)*rad**a.

5))
5))
plt.figure(figsize=(12,18))

plt.scatter(xs,ys)

plt.plot(xs, b8+ bl*np.array(xs))

plt.plot(sorted(xs), lower, 'r--',label="95% PI")
plt.plot(sorted(xs), upper, 'r--')

plt.title('MPG as a Function of Horsepower with 95% Prediction Interval')
plt.xlabel( Horsepower')

plt.ylabel( 'MPG")

plt.legend()
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MPG as a Function of Horsepower with 95% Prediction Interval
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(c) Which car has the most leverage (with respect to the fit)?

The following code was used to determine which car has the most leverage,

bs=[1]

summer = @

for x in xs:
summer += (x-xbar)**2

for x in xs:
b = {(len(xs)-1)/len(xs)}*(x-xbar)/summer
bs.append(b)

bs, x5 = zip(*sorted(zip(bs, xs)))

print('Point with the Most Leverage: ®x =",xs5[-1])

Point with the Most Leverage: % = 155

The point at £ = 155 corresponds to the Buick Estate Wagon, which is the car
with the most leverage.

(d) Estimate 95% confidence intervals for the intercept and slope coeffi-
cients using 2000 draws from the parametric bootstrap. To generate a
dataset you will resample, for each datapoint, the MPG from a normal

12



distribution using the fitted value as the mean, and your estimate of
o9 as the variance. Then use the bootstrap samples to estimate the
confidence intervals.

The following code was used to calculate confidence intervals parametrically, us-
ing the same functions to calculate 8y and (3, as above.

para_bls =
para_bés =
maans=[]

—

for i in range(2668)
ynews = []
for x in xs:
ynews . append(np.random.normal (b8+x*bl,s2%%8.5))
bil_temp = b_1(xs,ynews)
be_temp = b_8(xs,ynews,bl_temp)
para_bls.append(bl_temp)
para_bes.append(b8_temp)

L1,Ul = np.quantile(para_bls, [©.825,8.975])
Le,ue = np.quantile(para_bes, [©.825,8.975])
print('95% Confidence Interval for bl: ', (round(L1,5),round(U1,5}))
print('95% Confidence Interval for be: ', (round(Le,5),round(U8,5}))

95% Confidence Interval for bl: (-8.25457, -8.17885)
95% Confidence Interval for bé: (42.56361, 58.85134)
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